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Abstract
The graph reconstruction conjecture states that all graphs on at
least three vertices are determined up to isomorphism by their deck.
In this paper, a general framework for this problem is proposed to
simply explain the reconstruction of graphs. Here, we do not prove or
reject the reconstruction conjecture. But, we explain why a graph is
reconstructible. For instance, the reconstruction of small graphs which
have been shown by computer, is explained in this framework.
We show that any non-regular graph has a proper induced subgraph
which is unique due to either its structure or the way of its connection
to the rest of the graph. Here, the former subgraph is defined an
anchor and the latter a connectional anchor, if it is distinguishable in
the deck. We show that if a graph has an orbit with at least three
vertices whose removal leaves an anchor, or it has two vertices whose
removal leaves an anchor with the mentioned condition in the paper,
then it is reconstructible. This simple statement can easily explain the
reconstruction of a graph from its deck.
Keywords: graph reconstruction conjecture; Kelly’s lemma; graph
asymmetry; unique subgraph; graph automorphism; graph isomor-
phism; anchor extension.
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1 Introduction
The Reconstruction Conjecture is an interesting problem which has remained
open for more than 70 years. It states that all graphs on at least three
vertices are determined up to isomorphism by their deck [13, 28]. To know
more about this problem, see [4, 5]. The deck of a graph G is the multiset of
graphs that is obtained from deleting one vertex in every possible way from
the graph G. The members of a deck are referred to as cards. A graph is
reconstructible, if it is determined up to isomorphism by its deck. A class
of graphs is reconstructible, if every member of the class is reconstructible.
Any property of a graph, i.e. graph invariant, which is determined by the
deck of graph, is said to be reconstructible. In this paper, the asymmetry of
a graph, i.e. a subgraph which does not repeat, is employed to reconstruct
it form its deck.
The graph reconstruction conjecture was proposed by Ulam [28] in 1960.
Kelly [12], in his Ph.D thesis, showed that regular graphs, Eulerian graphs,
disconnected graphs and trees are reconstructible. Graphs in which no two
cycle have a common edge [9], graphs in which all cycles pass through a
common vertex [19], outer planner graphs [10], separable graphs without end
vertices [3], maximal planar graphs [17], critical blocks and graphs with some
specific degrees sequence [22] are some well known classes of reconstructible
graphs. Another approach to this problem is attempt to find reconstructible
graph invariants. The fundamental result in this area is Kelly’s Lemma [12].
It states that the number of occurrence of any proper subgraph of a graph
is reconstructible. Many results in graph reconstruction are based on this
lemma. The generalization of this lemma for spanning subgraphs [15] asserts
that the number of any disconnected spanning subgraph is reconstructible.
Some known reconstructible graph invariants are characteristic polynomial
[27], chromatic polynomial [27] and planarity [1]. Oliveira and Thatte [23, 26]
had a new approach to this problem by studying the matrix of covering
numbers of graphs by sequences of subgraphs and proposing a bound for the
rank of this matrix.
In this paper, a general framework for the graph reconstruction problem
is proposed. Here, we do not prove or reject the Reconstruction Conjecture.
But, a general framework is proposed to explain the reconstruction of graphs.
The reconstruction of small graphs have been shown by computer, while there
was not any evidence that why small graphs are reconstructible. Here, we
have explained why small graphs are reconstructible.
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We will show that any non-regular graph has a proper induced subgraph
which is unique due to its structure or the way of its connection to the rest
of the graph (Lemma 8). The former subgraph is called an anchor and the
latter is called a connectional anchor, if it is distinguishable in the deck.
In this paper, it is shown that a graph G is reconstructible, if it has either
an orbit O (with at least three vertices) which makes G\O an anchor or two
vertices {v, w} which make G\{v, w} an anchor under the conditions which
will be mentioned. Also, we discuss the sufficiency of this result for any
non-regular graph with at least three vertices.
The above simple result is sufficient to prove that many significant families
of graphs are reconstructible, such as almost every graph and small graphs.
What makes the above result, nearly, comprehensive, is the idea of anchor
extension. Accordingly, one approach to check the conjecture of graph recon-
struction is to verify the above simple statement for all non-regular graphs.
After preliminary definitions, anchor and shadow are defined in Section 3
and some results about anchor are given to have more intuition about it. In
Section 4, the application of graph anchor for the reconstruction of graphs
is described. The concepts of anchor extension and maximal anchor are
employed to draw a general framework for the graph reconstruction problem
in Section 5. In Section 6, we deal with anchor-free graphs and define the
concept of connectional anchor to explain the reconstruction of anchor-free
graphs. The reconstruction of graphs with (n− 2)-vertex anchor is discussed
in Section 7. The paper is concluded in Section 8.
2 Definitions and Notations
In this paper, any graph is simple and any subgraph is vertex induced sub-
graph, otherwise, it is mentioned. The vertices and edges of a graph G are
denoted by V (G) and E(G), respectively. The order of a graph is the number
of its vertices. The degree and the neighbors of a vertex v ∈ V (G) are de-
noted by d(v) and N(v), respectively. If a vertex v is deleted from a graph G,
we denote it by G\v. The multiset of graphs that is obtained from deleting
one vertex in every possible way from the graph G, is the deck of G.
A graph G is called asymmetric, if it has no nontrivial symmetries, i.e.
Aut(G) = I. Two vertices u and v of a graph G are called similar, if
there is an automorphism of G which maps u into v. Similarity is, obvi-
ously, an equivalence relation. Thus, the similar vertices are in classes which
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are called orbits. We call the subset S ⊂ V (G) invariant under Aut(G),
if {θ(S)|θ ∈ Aut(G)} = S. If H is a subgraph of a graph G, G\V (H) is
the induced subgraph on V (G) − V (H). The cover of a subgraph H in G
is the minimal induced subgraph of G which includes all possible induced
subgraphs isomorphic to H in G.
In the probability space of graphs on n labeled vertices in which the edges
are chosen independently, with probability p = 1/2, we say that almost ev-
ery graph G has a property Q if the probability that G has Q tends to 1 as
n→∞.
For graphs F and G, we use
(
G
F
)
to denote the number of vertex induced
subgraph in G which are isomorphic to F . For instance, if F = K2, then
(
G
F
)
is the number of edges of G. It is worthy to review Kelly’s Lemma, here.
Lemma 1. (Kelly’s Lemma)
For graphs H and G,
• If |V (H)| < |V (G)|, then (G
H
)
is reconstructible. [12]
• If H is disconnected and V (H) = V (G), then (G
H
)
is reconstructible.
(Kelly’s Lemma generalization for spanning disconnected subgraphs)
[27]
3 Graph Anchor and Shadow
Symmetry occurs when some patterns repeat. In contrast, asymmetry arises
when there exists a pattern which does not repeat and is unique. In this way,
a unique subgraph H of a graph G, which does not repeat, is a representative
of graph asymmetry. We define such subgraph as an anchor of graph G.
Unique subgraph is a known key concept for the graph reconstruction prob-
lem. Bollobás [2] has employed graphs in which all (n−2) and (n−3)-vertex
subgraphs are unique to show that almost every graph is reconstructible by
three cards. Muller [21] has shown almost every graph is reconstructible us-
ing graphs in which all (n/2)-vertex subgraphs are unique. Unique subgraphs
also have been used by Chinn [6] and Zhu [29] to introduce some families of
reconstructible graphs. Ramachandran [24] has employed the idea of unique
subgraph for the digraph N -reconstruction.
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Definition 1. A proper induced subgraph H of a graph G is an anchor, if
it occurs exactly once in graph G. In other words,
(
G
H
)
= 1. The induced
subgraph on V (G)− V (H) is the residue of H. We denote it by G\V (H).
The anchor number of a graph G is the minimum order of the anchors of
G. We denote it by Anch(G).
Unique subgraph, also, has been defined by Entringer and Erdős [7] and
used by Harary and Schewenk [11]. They have used the concept of unique
subgraph as the spanning subgraphs which are unique. Here, in contrast, we
deal with proper vertex induced subgraph.
An anchor is a unique subgraph and, therefore, is distinguishable in any
card containing it. Therefore, an anchor in a graph, similar to a real anchor
which fixes a boat, fixes a part of some cards and makes it possible to com-
pare them.
For illustration, some graphs with their anchors and anchor numbers are
shown in Figure 1.
Figure 1: Anchor in some graphs
Clearly, a graph may have some different anchors. In graphs which do not
have any unique proper subgraph, we take the anchor number n, for example
vertex-transitive graphs. The possible values for anchor number of a simple
graph are 2, 3, .., n− 1 and n.
To have an intuition about anchor number, the numbers of n-vertex
graphs with anchor number k are shown in Table 1. According to Table
1, for n-vertex graphs where n = 7, we have Anch(G) < n− 1 for more than
97% of graphs. For graphs on n = 8 vertices, more than 99.6 percent of
graphs posses an anchor with at most (n− 2) vertices. As we see in Table 1
, 99.9 percent of 9-vertex graphs have an anchor with at most 6 vertices.
5
k= 2 k= 3 k=4 k=5 k=6 k=7 k=8 k=9 Total
n=5 2 17 12 3 34
n=6 2 48 86 8 12 156
n=7 2 212 654 146 26 4 1044
n=8 2 1062 7786 3082 373 10 31 12346
n=9 2 7266 139850 121609 5697 162 67 15 274668
Table 1: The number of n-vertex graphs with anchor number k
Before dealing with graph reconstruction problem, we show some results
about graph anchor.
Proposition 1. The subgraph H is an anchor of a graph G if and only if H
is an anchor of G. Therefore, the anchor numbers of G and G are equal.
Lemma 2. An anchor either completely includes or excludes all the vertices
in each orbit. In other words, an anchor is an induced subgraph on the union
of some orbits.
Proof : If some vertices of one orbit are in an anchor while other vertices
are not, the action of the automorphism group makes another copy of the
anchor, which contradicts the anchor definition. Therefore, an anchor either
includes all vertices in an orbit O or excludes any vertex in O. 
Lemma 3. In a graph G with anchor number Anch(G), any possible induced
subgraph H of order k, where k < Anch(G), repeats.
Proof : Otherwise, H is an anchor of G. Thus, Anch(G) ≤ k. It contra-
dicts to the assumption that k < Anch(G).
If a graph is anchor-free, then any proper subgraph with any order is
repeated. Under this condition, a nearly symmetric structure is expected for
such graphs. Due to Table 1, a few fraction of small graphs are anchor-free.
In a graph with Anch(G)=n− 1, any subgraph with at most (n− 2) vertices
should be repeated. Accordingly, such graphs, similar to anchor-free graphs,
are very rare.
Lemma 4. The cover of any arbitrary subgraph H of G, i.e. the minimal
subgraph of G which includes all possible copies of H in G, includes at least
Anch(G) vertices.
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Proof : Let Hc be the minimal subgraph of G which includes all possible
copies of H, i.e. cover of H in G. Clearly, Hc is an anchor of G, if it is a
proper subgraph of G. Because, if there is another copy of Hc in G, then
there is a vertex out of Hc which belongs to a copy of H. But, it contradicts
to the assumption that Hc includes all possible subgraphs isomorphic to H.
Thus, Hc is an anchor of G. Since, Anch(G) is the minimum order of anchors
of G, we have Anch(G) ≤ |V (Hc)|.
Corollary 1. Any possible subgraph of an anchor free graph covers all ver-
tices of the graph.
Proof : If G is an anchor free graph, then Anch(G) = n. Thus, according
to Lemma 4, for any arbitrary subgraph H of G, we have n ≤ |V (Hc)|. It
means that the copies of H covers all vertices of G. 
Here, we have a strong result about anchor-free graph. Any possible sub-
graph of an anchor free graph covers all vertices of the graph. Accordingly,
a complete symmetric structure would be expected for anchor free graphs.
The structure of small anchor free graphs confirms this expectation. Vertex-
transitive graphs are an important family of anchor-free graphs. Anchor free
graphs with at most 9 vertices are studied in Section 6.
Definition 2. A shadow on a graph is a subset of its vertices. Given a graph
G, shadows s1 and s2 are isomorphic, if there is an automorphism of G that
maps s1 to s2.
In Figure 2, three shadows s1,s2 and s3 are shown in a graph. The shadows
s1 and s2 are non-isomorphic, while s2 and s3 are isomorphic.
Figure 2: The shadows s1 and s2 are non-isomorphic. The shadows s2 and s3 are
isomorphic.
Definition 3. Let H be a subgraph of a graph G and v ∈ V (G) − V (H).
The neighbors of vertex v in subgraph H, i.e. Nv∩H, is the shadow of vertex
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v on the subgraph H. We denote it by sv,H (or sv for simplicity, if H is a
specified subgraph).
So far, the concepts of shadow and isomorphic shadows were defined.
Now, we define new concepts which relates to a set of shadows.
Definition 4. Let S be a multiset of shadows on a graph G. We define a
pair of shadows si and sj are similar in S, if there exists θ ∈ Aut(G) such
that θ(S) = S and θ(si) = sj. We call the multiset S is shadow-transitive, if
any pair of shadows in S are similar.
4 Graph anchor as a tool for reconstruction
How an anchor of a graph G helps us in the reconstruction of G from its deck?
Let H be an anchor of G. The subgraph H is unique and, consequently, is
the same in any card containing a copy of H. Thus, there is a one to one
mapping between the vertices of H in any card containing H. An anchor
provides a partial correspondence between the vertices of cards including H.
This partial correspondence benefits us to reconstruct a graph from its deck.
Lemma 5. If a graph G has an anchor, then it is distinguishable in any card
containing it.
Proof : Let G be graph with n vertices. According to Kelly’s Lemma,
the number of occurrence of any induced subgraph H with at most (n − 1)
vertices is reconstructible from the deck of G. Therefore, the anchors of a
graph can be obtained from the deck. Since any anchor is a unique subgraph,
it is distinguishable and the same in any card containing it.
Definition 5. Let s be a shadow on a graph H. We call s is fixed on H, if
we have θ(s) = s for any θ ∈ Aut(H).
In other words, a shadow on a graph is fixed, if it can not be moved by
the automorphism group of the graph.
Theorem 1. Let G be a graph with anchor H = G\{v, w}. If the shadow
sv,H (or sw,H) is fixed on H, then G is reconstructible.
Proof : Due to Lemma 5, anchor H is distinguished in all cards containing
it, that is in the cards G\{v} and G\{w}. Thus, vertex v and its neighbors
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on H are distinguished in G\{w}. Since, sv is fixed on H, there is just one
realization for sv on H. Therefore, card G\{w} can be completed to G by
adding vertex v adjacent to the set sv in H. The existence of edge between
v and w can be inferred from the number of edges which is reconstructible.
In the previous theorem, it was assumed that the shadow of vertex v on
H is fixed under the automorphism group of anchor H. In the next theorem,
the shadows sv and sw are not fixed under the automorphism group of anchor.
But, the distance between v and w specifies the state of placing both of sv
and sw together in H.
Theorem 2. Let G be a graph with anchor H = G\{v, w}. If the distance
of v and w within H specifies the state of placing both of the neighbors of v
and w together in H, then graph G is reconstructible.
Proof : The neighbors of w and v in H are distinguishable in cards G\v
and G\w, respectively, up to isomorphism. It is sufficient to know the po-
sition of them when they come together. According to the hypothesis, the
distance of v and w within H clarifies the relative position of the neighbors
of v and w in H. Thus, it is sufficient to show the distance of v and w within
H is reconstructible.
The number of subgraphs containing v and the number of subgraphs contain-
ing w can be obtained from the cardsG\w andG\v, respectively. In addition,
the subgraphs which include none of them are, exactly, the subgraphs of H
and, thus, their numbers is reconstructible. Therefore, the number of sub-
graphs which include both v and w are reconstructible. The smallest path
which includes v and w indicates the distance of v and w in H when v and
w are not adjacent in G. If v and w are adjacent in G, we consider the
smallest cycle including v and w. Thus, the distance of v and w within H is
reconstructible. 
Theorem 3. Let G be a graph with asymmetric anchor H and at least two
vertices in the residue. If there is no pair of vertices in V (G) − V (H) with
the same shadow on H, then G is reconstructible.
Proof : Anchor H is asymmetric. Thus, we have |Aut(H)| = 1. It means
that all shadows are fixed on H. If |V (G) − V (H)| = 2, then graph is
reconstructible due to Theorem 1. Thus, suppose |V (G)− V (H)| > 2.
The subgraph H is asymmetric and no pairs of vertices in V (G)−V (H) have
the same neighbors in H. Thus, any vertex of residue is identifiable by its
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shadow on the anchor in the cards containing the anchor H. Thus, we can
recognize adjacent and non-adjacent pair of vertices in residue. Therefore, we
add the residue vertices to anchor, using their shadows and make connection
between the adjacent pairs.
Theorem 4. If the induced subgraph on the neighbors (or non-neighbors) of
a vertex of a graph G is an anchor, then graph G is reconstructible.
Proof : Let v be a vertex of graph G in which the induced subgraph
on the neighbors of v, say H, is an anchor of G. If d(v) = n − 1, then
v is an isolated vertex of G and graph G is reconstructible due to being
disconnected. Consequently, G is reconstructible. Now, suppose that d(v) ≤
(n − 2). Since all neighbors of v belong to V (H), v is an isolated vertex in
G\V (H). Let H ′ = G\V (H). The disjoint union of H and H ′, that is H∪H ′,
is a disconnected spanning subgraph. Thus, the number of its occurrence
is reconstructible according to the generalization of Kelly’s Lemma. Since
there is just one subgraph H in G, there is just one spanning subgraph
isomorphic to H ∪ H ′. If there is a subgraph H” such that the number of
occurrence H ∪ H” is not zero, then H” is isomorphic to H ′ or one of its
subgraphs. Therefore, subgraph H ′, i.e. G\V (H), is reconstructible from the
deck. Clearly, vertex v is an isolated vertex in subgraph H ′. Within cards
containing anchor H, we choose cards in which an isolated vertex of H ′ is
deleted from. Within the isolated vertices of H ′, there is at least one vertex
which is adjacent to all vertices of H, that is v. We know that for any card
G\{x}, the degree of vertex x is reconstructible. Vertex v is adjacent to all
vertices of H. Thus, it has maximum degree in G within all isolated vertices
of H ′. In a card that an isolated vertex of H ′ with maximum degree in G
has been deleted, a vertex should be added adjacent to all vertices of H and
isolated from all vertices of H ′\v. Therefore, G is reconstructible. 
The previous results are more applicable for graphs which are asymmetric
or close to asymmetric graphs in structure. The following theorem is useful
for graphs with non-trivial automorphism group.
We know that if a graph G is vertex-transitive, all cards of the deck of
G are the same. In opposite, if all cards of a graph G are the same, then G
is vertex-transitive and, also is reconstructible due to regularity. We have a
similar result for the set of shadows. If the shadows set S is shadow-transitive,
i.e. all shadows in S are similar, then all one shadow deleted subset of S,
i.e S − {si}, are isomorphic. Following lemma shows that the inverse is also
true. That is, if all one shadow deleted subset of S are isomorphic, then S
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is shadow-transitive. And the shadow set S can be reconstructed from the
multiset of one shadow deleted subset of S, i.e. {S − {si}|si ∈ S}.
Lemma 6. Let G be an arbitrary graph and S be a set of shadows on G with
at least three shadows. If all one shadow deleted subset of S are isomorphic,
then S is reconstructible from multiset {S − {si}|si ∈ S}.
Proof : Let DS be the multiset of all one shadow deleted subset of S,
i.e DS = {S − {si}|si ∈ S}. According to the assumption, for any pair of
shadows s, s′ in S, S − {s} and S − {s′} are isomorphic. If there exists a
pair of non-isomorphic shadows s, s′ ∈ S on G, then S − {s} can not be
isomorphic to S − {s′}. But, it contradicts to the above assumption. Thus,
all shadows in S are isomorphic in G. Since all shadows in S are isomorphic
in G, for any pair s and s′ in S there is θ ∈ Aut(G) such that s′ = θ(s). We
draw an arc from s to s′ labeled with θ. Thus, we have a labeled directed
graph FS such that all cards of its deck are the same. Thus, graph FS is a
vertex-transitive graph. Thus, in a card S − {s} the deleted shadow s can
be added as θ(s0) for a shadow s0 ∈ S − {s}.
Theorem 5. Let O be an orbit of a graph G with at least three vertices. If
G\O is an anchor, then G is reconstructible.
Figure 3: Graph G with orbit O and anchor G\O is reconstructible.
Proof : Let H = G\O be an anchor of graph G. According to Lemma 5,
anchor H is distinguishable in any card containing it. We choose all cards
containing anchor H. Since all vertices which are out of the anchor are
similar, i.e. belong to the same orbit, all chosen cards are the same. We
distinguish anchor H in all of them. If we omit anchor H from these cards
we have the deck of the induced subgraph on G\H. Sine all chosen cards
are the same, the deck of G\H includes a set of identical cards. Since, G\H
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is a regular graph, vertex v finds its neighbors in subgraph G\H − v. It is
sufficient to find the neighbors of v in the subgraph H, i.e. sv,H .
Since, all cards containing the anchor H are the same, all one shadow deleted
subset on the anchor H are the same, that is they are isomorphic. Thus,
according to Lemma 6, the set of shadows on H is reconstructible and vertex
v finds its neighbors on H. 
Remark 6. Let G be a graph with n vertices. If all cards of the deck G are
the same, we can surely conclude that all vertices of the graph are similar. If
G has an anchor H with (n− k) vertices such that all k cards containing the
anchor H are the same, we can surely conclude that k vertices, which are out
of the anchor, are similar due to Lemma 6. Thus, graph G is reconstructible
due to Theorem 5.
4.1 Why small graphs are reconstructible?
McKay [20] has shown by computer that the reconstruction conjecture is
correct for graphs on at most 11 vertices, but there was not any evidence
why they are reconstructible. Using the obtained results of the previous
section, we can show the reconstruction of small graphs by reason.
The theorems of Section 3 are applied for graphs with at most 6 vertices.
A list of graphs with at most 6 vertices are shown in Fig 4. Since we know
that disconnected and regular graphs are reconstructible, such graphs (and
their complement) are omitted from this list. In addition, graph G is recon-
structible if and only if Gc is reconstructible. Thus, only n-vertex graphs
with at most
(
n
2
)
/2 edges are considered. The list of graphs and their as-
signed index are taken from [25].
The anchor and theorems which prove these graphs are reconstructible, are
shown in Figure 4 and Table 2, respectively. For each graph the vertices
which are out of the anchor are assigned with labels v or w. Unlabeled ver-
tices belong to the anchor. The theorems which prove the reconstruction of
these graphs are listed in the Table 2. Please note that for some graphs,
the theorems are applied for the complement of graph. As the same way, we
can apply the mentioned results to show the reconstruction of graphs with 7
vertices or more.
According to computation of anchor number for graphs with at most 9
vertices in Table 1 and due to symmetric structure, a few fraction of graphs
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Graph index Reason Graph index Reason
G14 Anchor-free G102 Theorem 4
G30 Anch(G)=n− 1 G103 Theorem 4
G31 Theorem 2 G104 Theorem 2
G34 Theorem 2 G112 Theorem 2
G35 Theorem 2 G113 Theorem 2
G36 Theorem 4 G114 Theorem 2
G37 Theorem 4 G115 Theorem 2
G78 Anch(G)=n− 1 G118 Theorem 2
G79 Theorem 2 G119 Theorem 4
G80 Theorem 2 G120 Theorem 4
G81 Theorem 4 G121 Theorem 4
G83 Anchor-free G122 Theorem 2
G93 Theorem 2 G123 Theorem 4
G94 Theorem 5 G124 Theorem 4
G95 Theorem 2 G125 Theorem 2
G96 Theorem 2 G126 Theorem 4
G97 Theorem 2 G127 Theorem 4
G98 Theorem 2 G128 Theorem 2
G99 Theorem 2 G129 Theorem 2
G100 Theorem 2 G130 Anchor-free
Table 2: The reconstruction of graphs shown in Fig. 4 are explained using the
obtained results. Please note that for some graphs the theorem is applied for the
complement of the graph.
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Figure 4: Non-regular connected graphs with at most 6 vertices and at most 15
edges which their complement is connected. The vertices which are out of the
anchor are denoted by v and w.
are anchor-free or with anchor number (n− 1). The reconstruction of small
graphs with anchor number of n and (n− 1) is explained in Section 6
5 Towards a general framework
In the previous sections, some new results for the reconstruction of graphs
were proposed. Now, we want to find a comprehensive approach for graph
reconstruction. In this way, the concepts of anchor extension and maximal
anchor are defined in this section. As the main result of this section, we
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show that if an anchor is maximal, then its residue is anchor free. This
fact is important. Because, any arbitrary anchor of any graph with anchor
number k where k < (n−2), can be extended as long as we reach to an anchor
free graph in the residue or just two vertices in the residue. Consequently,
the reconstruction of any graph with n vertices reduces to the reconstruction
of a graph with an anchor and anchor free residue or a graph with (n − 2)
vertices. As we will see in the next section, the anchor free graphs are very
rare and have nearly symmetric structure. Vertex-transitive graphs are the
majority of this family.
Before stating the main result, we define the required new concepts.
We want to generalize the concept of anchor to the set of shadows. At first,
we define isomorphism for the set of shadows.
Definition 6. Let S = {s1, s2, · · · , sk} be a finite multiset of shadows on
a graph G and suppose that A and B are two arbitrary subsets of S. Two
shadow sets A and B are isomorphic, if there is an automorphism of G that
maps the subset A to the subset B.
Now, we generalize the concept of anchor to the set of shadows.
Definition 7. Let S be a set of shadows on a graph G. A subset A of S is
a shadow anchor, if there is not any subset of S which is isomorphic to A.
In Fig. 5, a graph with a set of shadows are shown. S = {s1, s2, s3} is a
set of shadows on C5. There is not any subset of S which is isomorphic to
subset A = {s1, s3}. Thus, the subset A is an anchor for the shadow set S.
Figure 5: S = {s1, s2, s3} is a set of shadows on C5. A = {s1, s3} is a subset of S.
There is not any subset of S which is isomorphic to A. Thus, the subset A is an
anchor for the shadow set S.
An anchor is a subgraph which is distinguishable in any card containing
it, due to Lemma 5. An anchor provides a correspondence between the
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vertices of the anchor in different cards. Therefore, it is desired to have a
larger anchor and, consequently, more information about the correspondence
of cards vertices.
Definition 8. Let H0 be an anchor of a graph G. If we can find an anchor
H1 such that V (H0) ⊂ V (H1), we call anchor H0 is extended to H1.
An anchor is maximal, if it can not be extended to a larger anchor.
Now, we are ready to state the main result of this section.
Theorem 7. If an anchor is maximal, then its residue is anchor free. Also,
the set of shadows that the vertices of its residue establish on the anchor is
anchor free.
The above theorem states that if an anchor is maximal, we can not find
any anchor in the residue. In addition, the shadows set that the residue
vertices make on a maximal anchor is anchor-free. To prove this theorem,
we need the following lemma.
Lemma 7. Let H be an arbitrary anchor of a graph G.
a) If H ′ is an anchor of G\V (H), then the induced subgraph on V (H)∪V (H ′)
is an anchor of G.
b) Let SH be the multiset of shadows that the vertices of G\V (H) make on
H. If there exists A ⊂ V (G)− V (H) such that the shadows of A on H is an
anchor of SH , then the induced subgraph on V (H) ∪ A is an anchor of G.
Proof : a) Let H ′ be an anchor of G\V (H). We want to show that the
induced subgraph on V (H) ∪ V (H ′) is also an anchor of G. Suppose that
the induced subgraph on V (H) ∪ V (H ′) is not an anchor of G, i.e. there
is another copy of it. Please note that another copy of it should include
V (H). Because, subgraph H is a unique subgraph. Thus, suppose that there
is B ⊂ V (G) − V (H) that the induced subgraph on V (H) ∪ V (H ′) and
V (H)∪B are isomorphic by mapping φ : V (H)∪V (H ′)→ V (H)∪B. Since,
H is an anchor and unique, φ(H) = H and φ(V (H ′)) = B. Therefore, the
induced subgraph on V (H ′), i.e. H ′, is isomorphic to the induced subgraph
on B, contradicting to that H ′ is an anchor of G\V (H).
b) Let A be a subset of V (G)−V (H) whose shadows on H is an anchor of SH .
Assume that the induced subgraph on V (H)∪A is not an anchor of G. Thus,
there exists B ⊂ V (G)−V (H) such that the induced subgraph on V (H)∪A
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and V (H)∪B are isomorphic by mapping φ : V (H)∪A→ V (H)∪B. Since,
H is an anchor and unique, φ(H) = H and φ(A) = B. Thus, the restriction
of φ to V (H) is an automorphism of H. Therefore, the shadow of A on H
is mapped to the shadow of B on H by φ ∈ Aut(H) . It means that the
shadow of A is isomorphic to the shadow of B. But, it contradicts to the
assumption that the shadow of A is an anchor of SH .
The above lemma shows that an anchor can be extended as long as there
exists an anchor in the residue or a shadow anchor in the set of shadows on
the anchor. Now, we are ready to prove Theorem 7
Proof of Theorem 7: Let H be a maximal anchor of a graph G. Assume
that the residue has an anchor, say H ′. According to Lemma 7, the induced
subgraph on V (H) ∪ V (H ′) is an anchor of G, contradicting to maximality
of H. Therefore, the residue is an anchor free graph.
Now, assume A ⊂ V (G) − V (H) produces a shadow anchor on H. Thus,
the induced subgraph on V (H) ∪ A is an anchor of G due to Lemma 7. It
contradicts to maximality of H. Therefore, the shadows that the residue
vertices produce on a maximal anchor is anchor-free.
Theorem 7 has useful results. According to this theorem, any anchor of a
graph can be extended until the residue and its shadows set does not have
any anchor. Thus, any n-vertex graph with arbitrary anchor of order k where
k < (n − 2) can be extended as long as we reach to a large anchor of order
(n− 2) or an anchor free residue.
Remark 8. Theorem 7 reduces the reconstruction of a graph to the recon-
struction of an anchor free structure or a graph with a sufficiently large
anchor, such as an (n − 2)-vertex anchor. Therefore, this theorem provides
a general framework to deal with the reconstruction problem.
In the following sections, we deal with anchor free graphs and graphs with
an anchor of order (n− 2).
6 Anchor-free graphs
We saw in Section 3 that if G is an anchor-free graph, then any arbitrary
subgraph H repeats. Moreover, the copies of H cover all vertices of the
graph G. Thus, it would be expected that anchor free graphs, i.e. graphs
with anchor number n, have most symmetric structure in the classification
of graphs by the anchor number. The structure of small anchor free graphs
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confirm this expectation.
We saw in the previous section that the extension of anchor results in an
anchor free graph in the residue. An anchor free graph is either formal, i.e. a
vertex-transitive graph, or informal which will be discussed in this section. If
residue and its shadows on the anchor are formal, in fact residue is an orbit
of the graph and graph is reconstructible using Theorem 5.
The main part of family of anchor-free graphs are vertex-transitive graphs
which are reconstructible due to regularity. Although, anchor free graphs
which are not vertex-transitive are very rare, but they exist. Therefore, we
should investigate anchor-free graphs which are not vertex-transitive.
Example 9. Even paths and Cartesian product of an even path in a vertex
transitive graph are examples of anchor-free graphs which are not vertex-
transitive.
Figure 6: All anchor-free graphs which are not vertex transitive with at most 9
vertices
Small anchor-free graphs which are not vertex-transitive with at most 9
vertices are shown in Figure 6. Since Anch(G)=Anch(Gc), a graph or its
complement is considered.
If there are k vertices in the residue and anchor number of residue is
(k − 1), then the extension of anchor remains just one vertex in the residue
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# Anch(G)=n or n− 1 Formal + Informal
n=5 34 15 (44 %) 12+2
n=6 156 20 (13%) 16+4
n=7 1044 30 ( 3%) 28+2
n=8 12346 41 (0.03%) 23+18
n=9 274668 82 (0.03 %) 70 + 12
Table 3: The number of graphs with anchor number of n or (n− 1)
which is not useful for graph reconstruction. Therefore, the study of n-vertex
graphs with anchor number (n−1) is required. The structure of graphs with
anchor number (n − 1) is very close to anchor-free graphs. The prevailing
part of this family are disjoint union of an isolated vertex with an anchor free
graph or complement of that, i.e. K1 ∪ F or K1 ∪ F where F is an anchor
free graph. In this family, a few number of graphs have not such structure.
The exceptional cases for at most 9 vertices, are shown in Figure 7. Since
Anch(G)=Anch(Gc), a graph or its complement is shown.
Figure 7: All n-vertex graphs with anchor number (n− 1) which are not disjoint
union of an anchor free graph and an isolated vertex, with at most 9 vertices
The family of graphs with anchor number of n or (n−1) includes a small
fraction of n-vertex graphs. The number of such graphs with at most 9 ver-
tices are shown in Table 3. Formal anchor free graphs means vertex transitive
graphs. And Formal graphs with anchor number (n − 1) are disjoint union
of an anchor free graph and an isolated vertex.
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Here, we want to study the reconstruction of these two families of graphs.
The prevailing part of anchor-free graphs are vertex-transitive which are re-
constructible due to regularity. Therefore, it is sufficient to investigate non-
vertex-transitive anchor free graphs for reconstruction. Also, for graphs with
anchor number of (n− 1), the majority have an isolated vertex (themselves
or their complement) which makes them reconstructible.
To explain the reconstruction of anchor free graphs or graphs with anchor
number (n−1), the concept of connectional anchor is defined in the following.
6.1 Connectional Anchor
We know that the unique structure of an anchor makes it distinguishable
within all subgraphs, But is it possible to distinguish a subgraph using some-
thing else?
The answer is yes. Suppose that in a graph G, there is a vertex v with degree
d such that no vertices has degree d or d − 1. So, it is just vertex v whose
degree is d or d − 1 in the deck. Thus, vertex v can be distinguished in the
deck by its degree. In this example, it is not the structure of the vertex v
which makes it distinct. In fact, its connection to the rest of the graph makes
it distinct. We can use this idea to distinguish a subgraph. Suppose that
there are two copies of subgraph H in a graph G. For one of them, there
are 10 edges between H and G\V (H) and in any card of the deck which is
containing this copy, there are at least 7 edges between H and the rest of the
graph. In opposite, for other copies of H, there are just 5 edges between H
and G\V (H). Therefore, the first copy is distinguishable in any card of the
deck due to the number of edges between H and G\V (H).
This example illustrates the idea of connectional anchor.
Definition 9. Let H be a subgraph of a graph G. We define the connection
of subgraph H to the rest of graph by triple (H,G\V (H), SH) where SH is
the shadows set that V (H) establish on G\V (H)
For two subgraphs H and H ′ in a graph G. We call the connection H to the
rest of graph is similar to the connection of H ′ to the rest of graph, if
I) Subgraph H is isomorphic to subgraph H ′.
II) Subgraph G\V (H) is isomorphic to subgraph G\V (H ′).
III) Shadow set SH is isomorphic to shadow set SH′ .
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Definition 10. We call H is a connectional anchor of a graph G, if the
connection of H to the rest of graph is unique, i.e. there is not any subgraph
with isomorphic connection. In addition, this distinction should be inferable
from the deck.
Example 1 : In Fig.8, an anchor-free graph is shown. This graph has four
copies of K3. Thus, K3 is not an anchor. One of these K3 is specified by
a gray curve in Fig.8. This copy of K3 is different from others due to its
connection to the rest of the graph. There are 6 edges between the specified
K3 and the rest of graph. If a vertex out of this subgraph is omitted, 5 edges
will be remained. But, any other copies of K3 has 2 edges in connection to
the rest of graph. Such copies have at most 2 edges in connection to the rest
of graph in the deck. Thus, the specified K3 is different from other copies due
to the number of edges connecting it to the rest of graph and this distinction
is distinguishable in the deck. Therefore, the specified K3 is a connectional
anchor and this graph is reconstructible using Theorem 5.
Figure 8: An anchor free graph with its connectional anchor
Similar to unique structure which makes a subgraph distinguishable in
the deck, the unique connection of a subgraph makes it distinguishable in
the deck. The generalization of the Kelly’s lemma states that the number of
spanning disconnected subgraph is reconstructible from the deck. Since the
disjoint union of H and G\V (H) is a disconnected spanning subgraph, the
first and second condition of definition 9 can be checked by generalization of
Kelly’s lemma from the deck.
For two different copies of H in a graph G, if two subgraphs G\V (H)
and G\V (H ′) are isomorphic, then we should check the third condition of
definition 9. Since in any card containing H, G\V (H) is incomplete, i.e. one
of its vertices is omitted, checking this condition is not easy. We have not
a formal way to check this condition and depends on the structure of that
graph.
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Graph index Reason Graph index Reason
1 Theorem 2 or 10 8 Theorem 5
2 Theorem 5 9 Theorem 5
3 Theorem 2 or 10 10 Theorem 2 or 10
4 Theorem 5 11 Disconnected graph
5 Theorem 2 or 10 12 Theorem 5
6 Regular graph 13 Theorem 5
7 Theorem 5 14 Theorem 5
Table 4: The reconstruction of anchor free graphs shown in Fig 6 is explained
using connectional anchor and the obtained results.
Using connectional anchor, we are able to explain the reconstruction of
anchor free graphs. For small anchor-free graphs given in Fig.6, the connec-
tional anchors which prove that they are reconstructible are demonstrated
by a gray curve. Please note that any theorem and result based on graph
anchor is, also, correct for connectional anchor. The theorems which prove
the reconstruction of anchor free graphs of Fig 6, are listed in Table 4.
The connectional anchors which explain the reconstruction of n-vertex
graphs with anchor number (n − 1) are also shown in Fig. 7. To prove the
shown 5-vertex graph in this figure is reconstructible, we can apply Theorem
10 or 2. For all other graphs shown in this figure, Theorem 5 is sufficient.
Lemma 8. Any non-regular graph has a proper induced subgraph which is
unique due to its structure or the way of its connection to the rest of the
graph.
Proof: Let G be an arbitrary non-regular graph and H the induced sub-
graph on the vertices with maximum degree (or minimum degree). If there
exists just one copy of H in G, then H is unique due to its structure. In oppo-
site, if there are more than one copies of H, we show that H is unique due to
its connection to the rest of graph G. We define function f from subgraphs
of G to integer numbers. We define f(K) = 2|E(K)| + |E(K,G\V (K))|
where K is a subgraph of G. We have f(K) = Σv∈V (K)d(v). Within different
copies of H in graph G, it is, exclusively, subgraph H which posses maximum
degrees. Thus, the value of f(H) is maximum within all possible copies of H
in G. The value of |E(H)| is the same for all copies of H. Thus, H is unique
due to |E(H,G\V (H))|, i.e. the number of edges between H and G\V (H).
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Remark 10. Please note that a subgraph which is unique due to its connec-
tion to the rest of the graph is not, necessarily, a connectional anchor. This
subgraph is a connectional anchor, if it is distinguishable in the deck. In
contrast, a subgraph which is unique due to its structure is, always, distin-
guishable in the deck.
Remark 11. The definition of connectional anchor makes it possible to extend
maximal anchor and have a larger anchor. The investigated examples of
graphs show that an anchor can be extended until we reach to an orbit with
at least three vertices or just two vertices out of the anchor. But, we do
not know whether the anchor extension always can be continued to reach an
orbit or two vertices out of the anchor.
7 Graphs with (n− 2)-vertex anchor
The reconstruction of graphs with an (n − 2)-vertex anchor is important.
Almost every graph has a (n − 2)-vertex anchor. In addition, the anchor
extension results in an anchor free residue or two vertices out of the anchor.
Here, we study the reconstruction of graphs in which the anchor extension
remains just two vertices out of the anchor, i.e. the reconstruction of n-vertex
graphs with an (n− 2)-vertex anchor.
Chinn [6] has shown if there exists a vertex v such that all (n− 2)-vertex
subgraphs of G\{v} are unique, graph G is reconstructible. Zhu [29] has
improved this result by showing that at most three of (n−2)-vertex subgraphs
of G\{v} can be non-unique. Here, using Theorem 1 we have shown that
one unique (n− 2)-vertex subgraph which is asymmetric, is enough for G to
be reconstructible.
Lemma 9. Almost every graph has an asymmetric anchor with (n− 2) ver-
tices.
Proof: According to [16, 21, 2], for almost every n-vertex graph G, all
subgraphs with (n−3) vertices are mutually non-isomorphic. In such graphs,
any (n− 2)-vertex subgraph ought to be unique and asymmetric.
Theorem 12. Any n-vertex graph with an asymmetric anchor of order (n−2)
is reconstructible.
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Proof : Let G be an n-vertex graph with asymmetric anchor H of order
(n− 2). Since H is asymmetric, i.e. |Aut(H)| = 1, any shadow on graph H
is fixed. Therefore, according to Theorem 1, graph G is reconstructible.
Corollary 2. Almost every graph is reconstructible.
Proof : Using Lemma 9 and Theorem 12.
In a graph G with anchor H = G\{v, w}, let sv and sw be the neighbors
of v and w in H, respectively. sv and sw can be obtained from cards G\w
and G\v, respectively. But, sv and sw can arbitrary move on H by the action
of Aut(H). Thus, it makes different possibilities for the state of placing both
of them together and, consequently, two cards containing the anchor are not
sufficient to reconstruct a graph, uniquely up to isomorphism.
For example, in Fig. 9, two non-isomorphic graphs (a) and (b) are shown.
The subgraph 5-cycle is an anchor for both of them. The set of cards contain-
ing the anchor are the same and is shown in the right side. The set of cards
containing the anchor is not sufficient to discriminate two non-isomorphic
graphs (a) and (b). Therefore, it is necessary to use other cards to find the
relative position of two shadows on the anchor. We do not know whether the
other (n − 2) cards are, always, sufficient to determine the position of two
shadows on the anchor, together. The reconstruction conjecture claims that
they are sufficient.
Figure 9: su,C5 is isomorphic to su′,C5 and sv,C5 is isomorphic to sv′,C5 . But,
the way of putting these two shadows together on the anchor C5 makes two non-
isomorphic graphs. The set of cards containing the anchor C5 is not sufficient to
separate these two non-isomorphic graphs.
Theorem 2 uses the distance of vertices v and u to identify the state of
placing both of sv and su together, when the automorphism group of the
anchor is not trivial. For example, in Fig. 9 the distance between v and u
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in two graphs discriminates these two graphs. Thus, these two graphs are
reconstructible due to this theorem.
In the following lemma, the order of automorphism group is restricted.
Hence, the number of possibilities for putting two shadows together on the
anchor is restricted.
Lemma 10. Let O be an orbit of a graph G with two vertices such that G\O
is an anchor and the order of any element of Aut(G\O) is at most three,
then graph G is reconstructible.
Proof : Let H = G\O be an anchor of G and O = {v1, v2} and {sv1 , sv2}
be the shadows of {v1, v2} on H. Since, v1 and v2 belong to the same orbit of
G, there exists θ ∈ Aut(H) where sv1 = θ(sv2). Since according to assump-
tion the order of θ is 1, 2 or 3, there are, exactly, two possibilities for sv1
and sv2 : they are the same, or different. The degree sequence of the graph
vertices which is reconstructible due to Kelly’s Lemma, discriminates these
two cases and chooses one of them. 
8 Conclusion
In a graph, an anchor emerges when the graph symmetry is not enough to
prevent it. Thus, except graphs with sufficient symmetry all graphs have an
anchor. We saw that an anchor of a graph can be an efficient tool to show
that a graph is reconstructible. An anchor of a graph, similar to a real anchor
which fixes a boat, fixes a part of some cards to make it possible to compare
them. Therefore, it benefits us for the reconstruction of graphs.
It may be claimed that since just cards containing the anchor are used for
graph reconstruction, this method can not be efficient. But, this claim is
not correct. Because, to find the anchors of a graph, we should consider
subgraphs from all cards to find unique ones. Therefore, in this method we
implicitly apply all cards to reconstruct a graph.
We saw that how graph anchor provides evidence for the reconstruction of
small graphs. Small graphs, previously, had been shown to be reconstructible
by computer.
In this paper, it is shown that the anchor extension converts the recon-
struction of any graph with anchor number k where k < (n−2) to the recon-
struction of either an anchor free structure (or close to anchor free structure,
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i.e. with anchor number n or n−1), or a graph with an (n−2)-vertex anchor.
The reconstruction of graphs with an (n− 2)-vertex anchor was investigated
and some new results were given. If a graph has an (n − 2)-vertex anchor
which is asymmetric, then the graph is reconstructible. This fact results that
almost every graph is reconstructible. It is sufficient to investigate graphs
with an (n−2)-vertex anchor whose automorphism group is non-trivial. Gen-
erally, a graph with (n − 2)-vertex anchor is reconstructible, if the relative
position of two shadows on the anchor is reconstructible from the deck.
Also, the family of anchor free graphs and graphs with anchor number
(n−1) were studied. The main part of anchor free graphs are vertex-transitive
graphs which are reconstructible due to regularity. To explain the reconstruc-
tion of non-regular anchor-free graphs, the concept of connectional anchor
was introduced. We saw that the connectional anchor plays the same role
of an anchor for the reconstruction of a graph from its deck. By applying
the theorems and results obtained for anchor, to connectional anchor, the
reconstruction of anchor free graphs was explained. But, we have not shown
that these method can be applied for every anchor-free graph. More study is
suggested for the reconstruction of anchor free graphs. In addition, the def-
inition of connectional anchor makes it possible to extend maximal anchor
and have a larger anchor. The studied instances of graphs show that the
anchor extension can be continued until we reach to an orbit with at least
three vertices or just two vertices out of the anchor. But, we do not know
whether it is always possible.
In this paper, it is shown that:
If a graph G has either an orbit with at least three vertices whose removal
leaves an (connectional) anchor or an (n − 2)-vertex (connectional) anchor
in which the relative position of shadows is reconstructible, then G is recon-
structible.
The above simple statement is sufficient to explain the reconstruction of
known reconstructible graphs, such as small graphs and almost every graph.
Thus, one approach to study the conjecture of graph reconstruction can be
the verification of the following conjecture.
Conjecture 13. Any graph has either an (n− 2)-vertex (connectional) an-
chor in which the relative position of shadows on the anchor is reconstructible
or an orbit with at least three vertices whose removal leaves an anchor (or
connectional anchor).
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